We consider solutions to the full (non-isentropic) two-dimensional Euler equations that are constant in time and along rays emanating from the origin. We prove that for a polytropic equation of state, entropy admissible solutions in L ∞ with non-vanishing velocity, density, and internal energy must be BV . Moreover, we obtain some results concerning the structure of such solutions.
Introduction
The study of multi-dimensional compressible gas flow (and more generally, multi-dimensional hyperbolic conservation laws) is a very active field of research, and there are many open questions. As a modest step toward understanding multi-dimensional flow, several reductions that are suggested by experiments can be made. In flow patterns such as regular and Mach reflection, the flow can be simplified to be constant in time and along rays emanating from a distinguished point. A regular reflection consists of four shock waves meeting at a point, (see [CF10, EL08,ČKL00, Zhe06, HTCI00, Ell10, Ell09a, Ell09b]), while a Mach reflection consists of three shocks and a contact discontinuity meeting at a point (see [BD92, BD06, Hor86, HT02, VK99, Ske97] ). Therefore, we consider solutions U (t, x, y) that are in fact of the form U (θ), where θ = ∠(x, y). Our goal is to investigate the regularity and structure of such solutions.
Historically, understanding the Riemann problem was instrumental in the development of the theory of one dimensional conservation laws. In that case, one seeks solutions to the Cauchy problem in which the initial data is constant along rays emanating from the origin, which in one space dimension is of the form
Riemann problems are the foundation of theoretical existence and uniqueness proofs for general Cauchy problems (the Glimm scheme [Gli65] being the main example), as well as of numerical schemes that accurately capture shocks (such as the Gudonov and Roe methods).
The two-dimensional Riemann problem is much more complicated -some work has been done in which the initial data is constant in each quadrant (see [LZY98, ZZ90, Zhe01, LL98] ). Instead of focusing on that kind of initial value problem, we seek steady in time solutions with more general configurations.
Solutions of this form are also motivated by questions of non-uniqueness. In [Ell06] , Elling numerically constructed an unsteady solution in which the initial data is a steady solution that is constant along rays. Therefore, understanding this class of solutions may lead to more examples of non-uniqueness, perhaps even analytical proofs.
Another interesting issue for multi-dimensional conservation laws is finding the best function space to utilize. Whereas BV is the natural choice for one spatial dimension (see [Gli65, GL70, BB01] ), it is well known that it is not suitable for the multi-dimensional case (see [Rau86] ). However, when restricted to steady and self-similar solutions, the two-dimensional Euler equations are similar to one-dimensional self-similar conservation laws, and so perhaps BV is an appropriate choice in this setting. This is one of the major results of this work -that under reasonable assumptions steady and self-similar Euler flows that are only assumed to be L ∞ can be shown to be BV .
This paper is an extension of the work in [ER12] , but there are several important differences. In that case, the solutions were assumed to be small perturbations of a constant supersonic state, and so the steady problem was still strictly hyperbolic. In this case, we permit large variations in the solution. When the flow is sonic, there is a parabolic degeneracy in the steady problem; for subsonic flow the system becomes hyperbolic-elliptic. Therefore, a different approach from the one in [ER12] must be utilized.
Moreover, the analysis in [ER12] required that the eigenvalues be distinct -in full Euler flow there is a double eigenvalue corresponding to shear waves and entropy jumps. Fortunately, many of the difficulties in dealing with this degeneracy can be avoided since when dealing with the Euler system we have explicit expressions for the shock curves and averaged matrices, and do not need to rely on the implicit function theorem.
Sections 1-6 detail the various assumptions, derive the appropriate weak form of the equations, recall important properties of shock transitions, and demonstrate how to work with the solutions in the L ∞ setting. Section 7 shows that there can be a finite number of contact discontinuities, proves that shocks have neighborhoods on either side on which the flow is constant, and demonstrates what can go wrong if the velocity vanishes. All that is required for these results is a standard equation of state. Sections 8 and 9 go into more detail about the configuration of shocks and prove BV regularity for the case of a polytropic gas. Finally, sections 10 and 11 describe results regarding the structure of possible solutions in the polytropic case -how many waves can there be, what configurations can occur, etc.
Preliminaries
Let P ∈ R m be an open set. Consider smooth functions η, ψ x , ψ y : P → R. For A ⊂ R 3 we say U = (U 1 , ..., U m ) ∈ L 1 loc (R 3 , P) is a weak solution of
if the inequality is satisfied in the weak sense: every x ∈ A has an open neighborhood N so that for nonnegative smooth Φ with supp Φ ⋐ N ,
We call U a strong solution (or classical solution) if, in addition, it is almost everywhere equal to a Lipschitz continuous function. Weak solutions for a system of conservation laws
with f x , f y : P → R m smooth, are defined by interpreting it as 2m inequalities with = replaced by ≤ or ≥, and with η(U ) := U α , ψ x (U ) = f xα (U ), ψ y (U ) := f yα (U ) for α = 1, ...m. We call (η, ψ x , ψ y ) an entropy-entropy flux pair for (4) if
A weak solution U of the Euler equations (4) is called an entropy solution if it satisfies (2) for the physical concave entropy η, which will sometimes be denoted by ρS. The Euler equations are given by
where ρ is the density, u and v are the horizontal and vertical velocities, respectively, p is the pressure, and E := ρ(
+ e) is the total energy per unit volume, with e the internal energy per unit mass. We now derive the weak form for steady, self-similar solutions U which only depend on θ, the polar angle ∠(x, y). Integrating by parts in t eliminates the first term in the integrand of (2), after which using compact-in-t support and integrating with respect to t yields the equivalent statement
for all nonnegative smooth compactly supported t-independent functions Φ : R 2 → R. Now, change variables to polar coordinates to obtain
Define a smooth 2π periodic function φ as
Notice that
We then have that
Therefore (8) becomes
This is the weak form of
or equivalently,
The left side is a nonpositive distribution, and is therefore a nonpositive Radon measure. By the Riesz representation theorem (see for example [BC09] , Chapter 7), it is the distributional derivative of a non-increasing right continuous function of bounded variation. Therefore, there is a version (that is, an element of the same L ∞ equivalence class) of U such that
Interpreting the conservation law as 2m inequalities, we obtain sin θf
The right side is L ∞ , and so the quantity being differentiated in the distributional sense on the left must have a version that is Lipschitz. Therefore, the fundamental theorem of calculus holds and we have sin θf
The following lemma from [ER12] shows there is a version of U such that these conditions will hold everywhere, not just almost everywhere. From now on, consider this version of U .
(meaning g i (U (x)) ≤g i (x) for all i, where g = (g 1 , ..., g k ),g = (g 1 , ...,g k )), then we can find a versionŨ of U , with values in K everywhere, so that
Jump Conditions
We have, for all θ 1 and θ 2 ,
On sequences {θ
. For the case of nonisentropic Euler, this becomes
where
+ e is the total energy per unit volume, with e the internal energy per unit mass. To separate the cases of shocks and contacts, we introduce the normal (angular) and tangential (radial) velocities at θ:
We immediately observe that (23) is equivalent to
(24) is equivalent to
Similarly, (25) yields
Therefore,
This means that
Hence, if there is mass flux through a shock, the tangential velocity is continuous. However, if N + = N − = 0, then the tangential velocity may be discontinuous (called a contact discontinuity). Also, we have
Finally, (26) is equivalent to
For the case of a shock, divide by ρ + N + = ρ − N − to obtain
where τ := ρ −1 is the specific volume (volume per unit mass). Denote
Multiplying (36) by (τ − + τ + ) yields
Substituting this into (35) yields
[e] = − 1 2
Therefore, for a shock wave with fixed (τ + , p + ), the states (τ − , p − ) that can be connected by a shock are defined by H(τ − , p − ) = 0, where H(τ, p) is the Hugoniot function defined below:
4 Weak form in terms of tangential and normal velocities
Analogous steps to those used to simplify the jump conditions to be in terms of radial and angular velocities can be done on the weak form of the equations. Multiplying a distribution (in this case an L ∞ function) by a smooth function (sin θ or cos θ) results in another distribution, and the product rule applies for distributional derivatives of distributions multiplied with smooth functions. 
Substituting the definitions of N and L we obtain:
Note that
Thus, sin θ · (51) − cos θ · (52) yields
or
Similarly,
and so cos θ · (51) + sin θ · (52) yields
Therefore, the Euler equations are equivalent to
satisfied in the distributional sense.
Shock sides
For now, consider self-similar solutions U = (ρ, ρu, ρv, E) :
∞ , where the phase space P consists of states U satisfying:
where C is a positive constant. Recall E := ρ
+ e , where e is the specific internal energy. Denote by p the pressure, T the temperature, τ the specific volume, ρ = 1 τ the density, and S the specific entropy. From thermodynamics, knowing any two of p, T, τ, e, S determines the other three. We assume that the equation of state for pressure is given by p = g(τ, S) and that it is smooth for the phase space under consideration. We also assume
where c > 0 is the sound speed. Furthermore, from thermodynamics we have
or equivalently
To emphasize that this definition of sound speed,
agrees with another definition seen in the literature,
consider
Differentiating with respect to ρ while holding S constant, we obtain
We now argue that even in the L ∞ setting, in which left and right limits may not exist, there still exists a well defined notion of shocks and contacts, as well as front and back sides of shocks. For the remainder of this paper, a subscript max or min on a quantity refers to the maximum or minimum permissible value of that quantity for U ∈ P.
Lemma 2. If U is discontinuous at θ 0 , then it can be well defined as having either a forward facing shock, a backward facing shock, or a contact discontinuity at θ 0 .
Proof. Suppose U (θ) is discontinuous at θ 0 . Then we can pick sequences {θ n } , {θ
Based on our assumptions about ρ, it follows that N 0 and N ′ 0 are either both positive, both negative, or both zero. 
Applying the jump conditions to U 0 and U ′′ 0 shows that N ′′ 0 = 0, because N 0 = 0. Therefore, since any subsequence has a subsequence converging to zero, N (θ ′′ n ) → 0, and as {θ ′′ n } was arbitrary, we see that in fact N (θ) is continuous at θ 0 and N (θ 0 ) = 0. In this case we say that U has a contact discontinuity at θ 0 . gives a contradiction. Therefore, N (θ) > 0 on some neighborhood of θ 0 , and we call the shock forward facing. (The interpretation is that gas particles enter the front side of the shock, and leave the back side. Since the flow of mass through the shock is aligned with our choice of normal vector for the shock, we call this case forward facing.) Case 3, for which N 0 , N 1 < 0, is similar. We call this case backward facing.
Entropy
The entropy admissibility criterion, with θ − n < θ + n , takes the form
(Note this is reversed from the usual conservation laws literature since we are using a concave (physical), not convex (mathematical) entropy.) In the limit θ
For the case of the Euler equations, this reads
which becomes
(where
In the case of a forward facing shock, S + ≤ S − , and in the case of a backward facing shock, S + ≥ S − . In either case, the entropy cannot decrease when the gas passes through the shock from the front to the back. We now assume the case of a forward facing shock, and fix a pair of left and right sequences θ ± n as usual, so that θ − n < θ + n for all n, and U (θ ± n ) → U ± . We know that U − must satisfy H(τ − , p − ) = 0 for the Hugoniot function for state (τ + , p + ).
Lemma 3. ([CF48])
Assume that for fixed (τ + , p + ), the set of states (τ, p) for which H(τ, p) = 0 is a smooth curve in the (τ, p) plane that can be described by p = G(τ ). Then, for the case of an entropy admissible forward facing shock, which requires S − > S + , we have 1. τ − < τ + (that is, shocks are compressive),
We have the analogous statement for an entropy admissible backward facing shock, which instead requires S − < S + :
Moreover, for any shock,
Proof. This proof can be found in [CF48] . First we derive some properties from the equation of state p = g(τ, S). Recall
Differentiating S = S(τ, g(τ, S)) with respect to S we obtain
from (88). Differentiating S = S(τ, g(τ, S)) with respect to τ yields
from (89) and (86). Differentiating again with respect to τ yields
From (87), it follows that
Substituting in g τ = − S τ S p and multiplying by S 2 p yields
We now claim that G ′′ (τ + ) > 0. We start differentiating the Hugoniot function with respect to τ along the curve p = G(τ ).
Substituting in e S = T, e τ = −p yields
Therefore, S ′ (τ + ) = 0. Furthermore,
implies
and so 
Parametrize the straight line segment between these two states as
(H(τ ) and S(τ ) refer to states on the Hugoniot curve, while H(s) and S(s) refer to states on this straight line segment.) We have that
Hence if
and so H ′ (s 0 ) = 0 for at least one s 0 between 0 and 1. Therefore, S ′ (s 0 ) = 0 for at least one s 0 between 0 and 1. However, consider S ′′ (s).
Therefore, S(s) has a single maximum at s 0 and no other critical points. Therefore, S ′ (0) > 0, S ′ (1) < 0. Therefore, H ′ (1) < 0 and this straight line cannot be tangent to the Hugoniot curve at s = 1, or equivalently τ = τ − . Now, consider the Hugoniot curve. We have that
That is, the Hugoniot curve is tangent to the straight line between (τ + , p + ) and
. This contradicts what we showed above, and so
Differentiating (97) we obtain
and at τ + this yields
Thus for (τ − − τ + ) sufficiently small,
which allows us to conclude S ′ (τ + ) = 0, S ′ (τ ) < 0 for all τ = τ + . In conclusion, for a forward facing shock so that τ + is a limit from the front side, S − ≥ S + if and only if τ − ≤ τ + , and we can further conclude that S − > S + if there is an actual discontinuity.
leading to (taking τ − < τ + )
(38) yields
from which we obtain Lax-type conditions
The case of a backward-facing shock is similar, and the remaining lower bound on |N ± | follows from the fact that one must be greater in magnitude than c min , and the relation
7 Properties of discontinuities, uniform distances between different types of discontinuities
We now use the idea of averaged matrices, that is smooth matrix valued functions of U ± and θ that satisfy:
The existence of matrices with the important conservation and diagonalizability properties is guaranteed (see [H83] ) if our system possesses an entropyentropy flux (η, ψ x , ψ y ) with η positive definite, but one that is easier for computations in the polytropic setting uses a different line integral in phase space as opposed to one using the entropy gradient as described in [H83] . It has the property that the averaged matrix is simply the flux matrix evaluated at a suitable averaged state. This is called the Roe linearization for the system and is very common in numerics. Rearranging (21), we obtain
Using the averaged matrix, we havê
Now, consider the matrix
By direct computation, we have that det sin θf
We then have the following theorem.
Theorem 1. Suppose U is continuous on an interval ]θ 1 , θ 2 [ and that |N | = ±c or 0 on this interval. Then U is constant on this interval.
Proof. Fix some θ ∈]θ 1 , θ 2 [. We claim that U must be Lipschitz at θ. Suppose not. Then we can choose a sequence {θ n } → θ (with |θ n − θ| = 0) such that
Divide both sides of (119) by
By assumption, sin θf
is regular, so for |θ n − θ| sufficiently small,Â U (θ), U (θ n ); θ will be uniformly regular, because the eigenvalues ofÂ are continuous functions of U ± (see for example [S10] ), and U is continuous at θ by assumption. That is,
Taking n → ∞, the left hand side stays bounded away from zero, while the right hand side goes to zero, leading to a contradiction. Therefore, U must be Lipschitz on ]θ 1 , θ 2 [. Assuming θ is a point of differentiability of U , we obtain sin θf
However, as we assumed the matrix was regular on ]θ 1 , θ 2 [, it follows that U θ = 0 on this interval. A Lipschitz function is the integral of its derivative, so U is constant on ]θ 1 , θ 2 [. Theorem 2. Suppose there is a shock at θ 0 . Then there exist σ
[. In particular U has well defined left and right limits at shocks.
Proof. We consider the case of a forward facing shock; backward facing shocks can be treated similarly. If there is a shock, choose left and right sequences θ
Suppose there is no σ
for all n. If U ++ = U + , then the Lax condition requires N ++ > c ++ , which contradicts our construction. If
As observed in the proof of Lemma 2, N > 0 for some neighborhood of θ 0 , otherwise the jump conditions cannot be satisfied. Taking σ − (θ 0 ) to be the left endpoint of this neighborhood intersected with ]σ ′− (θ 0 ), θ 0 [ shows that 0 < N < c for all θ ∈]σ − θ 0 , θ 0 [. All that is left to show is that U cannot possess any other discontinuities in these left and right neighborhoods. Contacts are already ruled out -we know that N = 0 at a contact. Therefore we must show there cannot be shocks. Suppose there was a shock at θ 1 ∈]θ 0 , σ + (θ 0 )[. It too must be forward facing, since N is positive for all such θ. Then, for some η ∈]θ 0 , σ
a contradiction. Therefore, U is continuous on ]θ 0 , σ + (θ 0 )[ and Theorem 1 shows it is constant. Similarly we can conclude U is constant on ]σ
Similarly, contact discontinuities are isolated and must also possess constant neighborhoods.
Theorem 3. Suppose U has a contact discontinuity at θ 0 . Then, either (a) there exist σ
Proof. From previous analysis we know that in fact N is continuous at θ 0 and that N (θ 0 ) = 0. Therefore, choose a π > δ > 0 such that
By the last part of Lemma 3, we have the lower bound for normal velocity at a shock:
Therefore, for |θ − θ 0 | < δ there can be no shocks. If there is another contact discontinuity, N must still be continuous, and so N is continuous for |θ−θ 0 | < δ. Therefore, the set 
However, since N is continuous we can take limits and find
Then, since a i = b i , the vectors (sin a i , − cos a i ) and (sin b i , − cos b i ) span R 2 , and so (u i , v i ) = 0. However this contradicts that N = 0 on ]a i , b i [. Therefore, C is either a closed interval containing θ 0 or simply {θ 0 } . Consider the conservation of mass equation,
in the distributional sense. If N ≡ 0 on a closed interval, we can take a strong derivative at any θ in its interior to obtain that L ≡ 0 on the interior. Therefore the supposed contact at θ 0 could not have had a jump in tangential velocity, only density and entropy (continuity of pressure is required by the jump conditions). (This opens the possibility to very irregular solutions. If the velocity field is zero on some interval, then a completely arbitrary density distribution can be prescribed, as long as the entropy/internal energy/temperature is also prescribed to result in constant pressure). If we disregard this possibility, then it follows that this closed interval must be a single point, and so there can only be one contact for |θ − θ 0 | < δ. These very irregular solutions are not all that surprising, considering that when the velocity is identically zero the Euler equations become p θ = 0 in the sense of distributions, so p ≡ constant. Note that for isentropic flow, this situation cannot occur, since constant pressure can only be attained if density is constant.
Note we have shown that the set on which U has a discontinuity is countable and discrete. Therefore, right and left limits are well defined, and so from here on out we modify U to be right continuous at every point.
Lemma 4. Assume there are no stagnation points (that is, | u| = 0 everywhere). Then the set on which N = 0 is a finite set of points. Moreover, if N (θ 0 ) = 0, and there is a shock at θ ′ ,
with δ independent of U .
Proof. Take any θ 0 with N (θ 0 ) = 0. Define
This supremum is defined because it is taken over a nonempty set by Theorem 3. Moreover, since there cannot be any shocks on ]θ 0 , σ
If not, then since there could be no shocks or contacts between θ 0 and σ + (θ 0 ), by Theorem 1, U would be constant. However, this would lead to a contradiction of N (θ 0 ) = N (σ + (θ 0 )) = 0 and they were separated by less than π. Therefore, |N (σ
, and U must be constant on ]θ 0 , σ + (θ 0 )] (and continuous at σ
Therefore, (σ + (θ 0 )−θ 0 ) is bounded below independent of U , and another contact could only happen for θ > σ + (θ 0 ). A similar argument works for θ < θ 0 , and so the total number of contacts is finite. This same calculation shows that the distance between a contact and a shock is lower bounded independent of U .
Lemma 5. If there is a forward facing shock at θ, and a backward facing shock at θ ′ , then
for some δ independent of U .
Proof. For forward facing shocks, the normal velocity is positive on either side. Similarly, it is negative on either side of a backward facing shock. Therefore, between a forward facing and backward facing shock, N must transition through zero, not jump between positive and negative values. In the previous lemma, we showed that the distance between a point at which N = 0 and any kind of shock is uniformly bounded away from zero (independent of U ), and so the claim follows.
Shock strengths and neighborhood sizes
We now turn to the case of a polytropic gas, for which
We assume that γ > 1, recalling for air γ = 1.4. We now find expressions for various quantities at a shock, following [T09] . Substituting the expression for e into (34) we obtain
However, [ρN L 2 ] = 0 for a shock, and so we have
This can be rewritten as (recalling
However, since
we obtain
Then,
Introduce
as the shock strength of a forward facing shock, so that
The remainder of these calculations are for forward facing shocks, and the same statements hold for backward facing shocks but with ± switched, and all normal velocities are negative.
Therefore we have the relations (assuming a forward facing shock)
We need similar relations for the state behind the shock.
Next, we obtain expressions for ρ − , then c − , N − − c − , and N− c− .
We now argue that z is a suitable measure of shock strength.
Lemma 6. At a shock, [|U |] and z are equivalent measures of the strength of the shock, i.e. there exists C > 0 such that
Proof. First, recall that we assume pressure is bounded away from 0 and ∞, so we only need estimates valid for
(166) shows that
The function
is concave for z ≥ 0, with derivative at z = 0 equal to 1 γ . Therefore
Clearly
Finally, since −m[N ] = [p], and
We have therefore shown that in terms of the primitive variables V := (ρ, u, v, p) that for a shock
for some C > 0. U = (ρ, ρu, ρv, ρE) has derivative
Therefore it is C 1 , and the operator norm of its derivative is bounded uniformly on the phase space under consideration. We can assume our phase space in V variables is convex (if not we can still obtain a Lipschitz estimate from 
for a shock. We will thus denote J(U ; θ) := |[U ]| as the size of the jump in U at θ.
We now estimate the sizes of the neighborhoods on either side of a shock on which U must be constant. 
where δ L is a positive constant independent of U . Furthermore,
The analogous statement holds for a backward facing shock.
Proof. Suppose the shock is forward facing. Take
The supremum is taken over a non-empty set from Theorem 2, and is thus defined. Furthermore, it must be the case that N (σ + (θ 0 )) = c(θ 0 ) -from Theorems 2 and 3 there could not be a shock or contact at σ + (θ 0 ), and so U is continuous at σ + (θ 0 ). Furthermore, it is constant on ]θ 0 , σ + (θ 0 )[ by Theorem 1. (Note however there could be another forward facing shock at θ ′ > σ + (θ 0 ) arbitrarily close to σ + (θ 0 )). When U is constant, dN dθ = L, and so we have
However, recall
The function on the right is concave for z ≥ 0, 0 at z = 0, and therefore
All together, we obtain
for some δ
As before, this infimum is over a non-empty set by Theorem 2. Similar to before, it must be the case that either 
Recall
since that function is concave for z ≥ 0 and 0 at z = 0. So,
From before,
in this case, for some δ > 0. Then, taking
we obtain the desired result. (Recall that there is an upper limit to shock strength for the phase space under consideration). Analogous calculations yield the statement for backward-facing shocks.
Decomposition of the domain; regularity
We now divide [0, 2π) into the sets at which different behavior occurs. We shall assume that there are no stagnation points.
C := θ U is continuous at θ, |N (θ)| = c(θ) and = 0 (208) S F := θ U has a forward facing shock at θ
S B := θ U has a backward facing shock at θ (210)
Lemma 7. Recall Lemma 5. In a similar manner, R F is uniformly separated from R B ∪ S B ∪ S C , and R B is uniformly separated from R F ∪ S F ∪ S C .
Proof. The proof is similar to the proof of Lemma 5.
Lemma 8. There exists a constant C S such that if θ 0 ∈ S F , and
Similarly, if θ 0 ∈ S B , and
Proof. Suppose θ 0 ∈ S F . From Theorem 4, we have
From previous calculations, we have that
The function on the right is 0 at z = 0, concave down, and has derivative at z = 0 equal to
. Therefore
Also recall that
This function is 0 at z = 0, concave down, and has derivative at z = 0 equal to c max (
Taking
gives the desired result. A similar argument works for θ 0 ∈ S B .
Lemma 9. Recall that S C is a finite set of points, and therefore can have no limit points. If θ is a limit point of S F , then θ ∈ R F . If θ is a limit point of
Proof. Consider {θ n } ց θ be a strictly decreasing sequence in S F . If θ is a limit point of
= O(|θ n − θ|).
Thus we have a sequence converging to θ such that
This eliminates the possibility of a shock or contact occurring at θ, and so U is continuous at θ. Therefore, θ ∈ R F by definition. A similar argument works for limit points of S B .
Proof. From Lemma 9, θ is not a limit point of S C , S F , or S B . Therefore, U is continuous on a neighborhood of θ. Therefore, if |N (θ)| = c(θ) or 0, then this will also be true on a neighborhood of θ. Then, Theorem 1 applies and so U is constant on some neighborhood containing θ. Clearly κ ± (θ) can be taken to satisfy the requirement in the statement of the lemma.
Lemma 11. Assume there are no stagnation points. Define, for θ ∈ [0, 2π[,
Then U S is a right-continuous saltus function (so, by definition, is of bounded variation).
Proof. We have
since the number of contacts is finite, the neighborhoods ]σ − (φ), σ + (φ)[ are pairwise disjoint, the phase space is compact, and the domain is compact. The BV norm only depends on the equation of state and the bounds for the phase space.
Lemma 12. For any θ 0 ∈ R F ∪ R B , U S satisfies a Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 . That is,
Moreover, the Lipschitz constant C S is uniform in θ and independent of U .
Proof. Consider θ 0 ∈ R F , and θ > θ 0 . We only need to consider other forward facing shocks occurring between θ 0 and θ, since R F is uniformly separated from 
from Lemma 8. Take C S = (2δ L ) −1 + C S . Similar arguments work for θ < θ 0 , and θ 0 ∈ R B .
Lemma 13. For every θ 0 ∈ R F , there exists a neighborhood containing θ 0 such that
satisfies a Lipschitz condition based at θ 0 for all θ in this neighborhood. The Lipschitz constant is uniform for all such θ 0 and is independent of U . That is,
We have the similar estimate for
Proof. Suppose θ 0 ∈ R F . We first prove the desired estimate for |N (θ) − c(θ)|. Take θ > θ 0 sufficiently close to θ 0 . This means that either θ ∈ C, with
Suppose θ ∈ S F . Then, recalling
it is clear that θ 0 / ∈]σ − (θ), θ[. Therefore, Lemma 8 applies and
(recalling we have made U right continuous everywhere).
If κ − (θ) ∈ S F , then
Taking M ′ = max(C S , | u| max ) gives the desired estimate for |N (θ)−c(θ)|. Then,
Taking M := M ′ + 2| u| max gives the desired result for θ > θ 0 , θ sufficiently close to θ 0 ∈ R F . Similar arguments work for θ < θ 0 , and for θ 0 ∈ R B .
We now recall the concept of genuine nonlinearity. For fixed θ, the quantities N ± c are genuinely nonlinear in the sense that
for all U . For simplicity we can compute the derivative in terms of the primitive variables, and recalling c = γ
The Roe linearization for the full polytropic Euler equations has the advantage that it is simply the matrices f x U and f y U evaluated at some appropriately averaged state U . It takes the form (see [T09] )
We define
to be the total specific enthalpy per unit mass, so that
is the sound speed. The averaged quantities are defined as
The eigenvalues of A(U ; θ) are
and it has a full basis of eigenvectors. Moreover, it is clear that A(U ; θ) is a smooth function of U ± , the eigenvalues are smooth functions of U ± , (away from ρ = 0 of course), and by direct inspection of the eigenvectors (they are not needed here, but expressions for them are available) they too are smooth functions of U ± . Define the left and right eigenvectors so that
Theorem 5. For any θ 0 ∈ R F ∪R B , there is a neighborhood containing θ 0 such that U satisfies a Lipschitz condition based at θ 0 for all θ in this neighborhood. The Lipschitz constant is uniform for all such θ 0 and is independent of U . That is,
Proof. Suppose θ 0 ∈ R F . Recall thatÂ
Denote
where the average is taken between U (θ 0 ) and U (θ). Left multiply by l + U (θ 0 ), U (θ); θ 0 to obtain
where the averages are taken between U (θ 0 ) and U (θ). Since θ 0 ∈ R F , U is continuous at θ 0 . Therefore for θ sufficiently close to θ 0 , N + c is uniformly bounded away from zero, since N − c will be approaching zero. Therefore,
satisfies a Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 , with Lipschitz constant uniformly bounded above by the bounds on the phase space, and proportional c −1
also satisfies a Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 , with a similar upper bound on the Lipschitz constant. We claim that
defines a diffeomorphism for W sufficiently close to U (θ 0 ), when combined with the previous lemma will prove the claim. Notice that
this implies z r − U (θ 0 ); θ 0 ). But since
(by genuine nonlinearity) this implies z = 0. Therefore, for W sufficiently close to U (θ 0 ), g is a diffeomorphism. Since U (θ) approaches U (θ 0 ) as θ → θ 0 by continuity, and g U (θ) satisfies the Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 , U itself must satisfy a Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 . The C 1 norm of g is bounded uniformly above by the phase space bounds and equation of state, as is the Lipschitz constant for g U (θ) , and so the Lipschitz constant for U is as well.
Theorem 6. Assuming that there are no stagnation points, and that density and internal energy remain bounded away from zero, any L ∞ weak, steady, self similar solution to the 2-d full polytropic Euler equations must be of bounded variation. Moreover, U can be decomposed as
where U L is Lipschitz with constant independent of U , and U S is a saltus function of bounded variation, with total variation independent of U . (Note these constants will depend on the equation of state, the lower bound on density and internal energy, and the L ∞ norm of U .) Note that this implies U is a special function of bounded variation, since the Cantor part vanishes. Moreover, the absolutely continuous part is in fact Lipschitz.
Proof. The statement about U S has been covered in previous lemmas. We claim that for any θ 0 , U L satisfies a Lipschitz estimate based at θ 0 for θ sufficiently close to θ 0 .
If θ 0 ∈ C, then U is constant on a neighborhood containing θ 0 , and since there are no shocks or contacts it is clear that U L := U − U S is constant and thus satisfies a Lipschitz estimate based at θ 0 with constant 0.
If θ 0 ∈ S F ∪ S B ∪ S C , then the jump at θ 0 is accounted for in U S , and so U L is constant on some neighborhood containing θ 0 , and so satisfies a Lipschitz estimate based at θ 0 with constant 0.
If θ 0 ∈ R F ∪ R B , then, for θ sufficiently close to θ 0 , we have from Lemma 12 and Theorem 5 that
Pick any θ 1 and θ 2 . Consider the open cover
where for any θ, Ω(θ) is the neighborhood for which we have a Lipschitz estimate based at θ with Lipschitz constant uniformly bounded by C L . This has a finite subcover
Then, adding in Ω(θ 1 ) and Ω(θ 2 ), we can express
where φ i−1 < η i < φ i , and
Thus U L is Lipschitz on all of [0, 2π), and the rest follows.
Structure of flows
We now prove some results about the structure of possible solutions, and present several examples.
We begin by decomposing the domain into a finite number of sectors. Denote the points in S C as θ 1 , θ 2 , ..., θ N so that
(Recall that θ ∈ S C means that N (θ) = 0, and S C is a finite set by Lemma 4.) Define the sectors I i , for i = 1, .., N , as
(taking θ N +1 = θ 1 to unify the notation).
We say that I i is a forward sector if N | Ii ≥ 0, and that I i is a backward sector if N | Ii ≤ 0. By construction, each sector will either be forward or backward, and N will be positive on the interior of a forward sector, and negative on the interior of a backward sector. Moreover, L is continuous on the interior of each sector, since L is continuous at shocks and there are no contacts in the interior of a sector.
For all the figures in the remainder of the paper, the flow direction is what is indicated. The length of the arrows is not meant to suggest anything about the length of the velocity vectors. 
Proof. Consider the strong form of the conservation of mass and tangential momentum equations,
Manipulating these, we obtain for any point of differentiability on the interior of I i that
since ρ is bounded away from zero by assumption, and N = 0 on the interior of I i .
Theorem 6 shows that U is Lipschitz almost everywhere (since U S is constant except on at most a countable, discrete set), and since jumps in U S on the interior of I i must be shocks (not contacts), L S is constant on the interior of I i . Therefore, L is Lipschitz (hence differentiable almost everywhere) on the interior of I i , and so the fundamental theorem of calculus can be applied to L. Therefore (293) shows that L is monotonically decreasing (increasing) on
Recall that when U is constant, N θ = L. Also recall that by Theorem 3 there exist σ
[. Therefore, the following right limits are defined and we have for small δ > 0 that 
It is well known that p = A(S)ρ γ for a polytropic gas, where A(S) is a function of the entropy, and that away from discontinuities S is constant. Therefore, for θ in the interior of a forward Prandtl-meyer wave we have that
and so
Therefore, for a forward Prandtl-Meyer wave, as the gas particles pass through it (corresponding to the decreasing θ direction by our choice of coordinates), ρ increases if L is negative, and decreases if L is positive. Since the flow is isentropic,
Similar calculations for backward waves can be done. Therefore, in light of Lemma 14, we have the classifications:
• forward expansion wave:
• forward compression wave:
• backward expansion wave:
• backward compression wave:
It is possible to join a forward compression wave between [α 1 , β 1 ] to a forward expansion wave between [α 0 , β 0 ] if β 0 = θ i = α 1 . In that case the compression wave ends when the flow is precisely sonic at θ i , and an expansion wave immediately starts at θ i . We have the following theorem.
[. There is at most one shock or rarefaction in [σ + (θ i ), θ i ], and possibly infinitely many shocks and compression waves in ]θ i , σ − (θ i+1 )]. However, there cannot be consecutive compression waves. In this particular example, the flow consists of a compression wave and two shocks in the L < 0 part, and a rarefaction wave in the L > 0 part. Proof. Suppose I i is a forward sector. Since U is continuous on B, the set on which N (θ) = c(θ) is closed in B. Therefore, its complement in B is a countable union of open intervals, on which U is constant by Theorem 1 (since N (θ) cannot be 0 or −c(θ) in the interior of I i ). Since L(θ) is negative on B, and N θ = L on this complement, N (θ) = c(θ) can be satisfied at at most one endpoint of an open interval in the complement. Therefore at least one endpoint must be an endpoint of B, making R F ∩ B a closed interval in B.
Theroem 6 shows that U is Lipschitz on B, since B ⊂ C ∪ R F and thus U S is constant on B. Therefore, U is differentiable almost everywhere in R F ∩ B and the strong form of the equations implies U θ is in the kernel of A(U ; θ) everywhere it is defined, and so R F ∩ B defines a forward Prandtl-Meyer wave. The fact that B ⊂]θ i , θ i+1 [ shows it must be a forward compression wave. The argument for a backward sector is similar.
Note that there may be multiple forward compression waves in a forward sector -this theorem requires only that there is at least one forward facing shock in between. Since L is negative on ]θ i , θ i+1 [, on any interval on which U is constant N is decreasing. In a forward sector, this corresponds to N increasing along particle paths of the gas particles. Therefore, upon exiting a compression wave, the normal velocity is sonic, but as the gas particles continue traveling in the negative θ direction, the normal velocity increases and becomes supersonic, leading to the possibility of a forward facing shock, which upon exit the normal velocity will be subsonic. Normal velocity can then increase along particle paths back to the sound speed, and the gas can enter another compression wave. • U is constant on either side of a forward facing shock,
• U is constant on either side of a forward expansion wave,
• U has an expansion wave on [α, θ i ] and is constant on ]θ i , α[,
We have the similar statement if I i is a backward sector, for the interval If there is not a shock, then U is continuous on this interval, and similar arguments as in the proof of Theorem 7 show that there can be at most one expansion wave, and we are done. Similar arguments work in backward sectors.
Examples with infinitely many shocks can be constructed (these theorems show that they must occur in the parts of the sectors where L < 0), or with infinitely many shocks interspersed with compression waves (with the restriction that compression waves cannot occur consecutively, by Theorem 7). Therefore, since infinitely many discontinuities may occur BV is the sharpest commonly used function space we may use.
Maximum number of contacts
We note for a both rarefaction and compression waves that the velocity turns towards the origin as the gas particles travel through the wave. This can be seen by manipulating
to obtain the following.
We consider the angle of the flow, φ := ∠(u, v), as in Figure 3 , as in [LL87] . Since we are considering N > 0, ∠(N, L) ∈ (−π/2, π/2), and so ∠(N, L) = arctan L N . Then, Then,
However, recall that in a forward wave
and so φ θ is positive. Therefore, as the gas particles travel through the shock, θ decreases, and so ∠(u, v) decreases as well.
For backward waves,
giving the same expression for φ θ . But in this case
but N = −c and so φ θ is still positive. However, for backward waves the gas particles move in the increasing θ direction, and so the flow still turns towards the origin as the gas particles travel through the wave. See Figure 4 for some examples of waves.
For shocks, since L is continuous and |N | decreases as the gas particles pass through the shocks, the flow is turned away from the origin if L is positive, and toward the origin if L is negative.
Figure 4: An example with two sectors. I 1 = [θ 1 , θ 2 ] is on the bottom and is a backward sector, I 2 = [θ 2 , θ 1 ] is on the top and is a forward sector. In I 1 , there is a single shock in the L > 0 part. In I 2 , the gas passes through a shock, a compression wave, then a shock in the L < 0 part, and a shock in the L > 0 part. As the gas particles travel through shocks, the flow is turned toward the shock line, and compression waves turn the flow toward the origin. Rarefaction waves would turn the flow toward the origin as well.
Theorem 9. For γ = 1.4, there can be a maximum of two sectors. For other values of γ > 1, there can be up to three sectors, but there are no values of γ > 1 that lead to flows with more than three sectors.
Proof. Choose coordinates so that there is a forward sector I = [α, π] where 0 < α < π, so that N (π) = N (α) = 0. Then, by Lemma 14 L(α+) > 0, L(π−) < 0, and so the flow needs to be turned away from the origin by an angle of α. Following 14, denote θ the unique value between α and π such that L(θ) = 0, and recall that L is positive on ]α, θ[, and negative on ]θ, π[. By Theorem 7, the discussion after it, and the discussion preceding this theorem, any shocks or compression waves on ]θ, π[ turn the flow towards the origin. Therefore, ∠ u(θ), v(θ) ≤ 0. Since we are interested in finding the maximum possible α that the flow can be turned upwards, the best possible situation is for there to be no compression waves or shocks on ]θ, π[, which yields 
It is well known (see [CF48] ) that the curves α(θ) for fixed values of M all lie below the limiting case M → ∞, and solving for the maximum α yields
The flow can only be turned upward when L > 0, so there can never be more than three sectors since α max = π 2 is only attained in the limit as γ ց 1. For γ = 1.4, α max ≈ 45.5
• , and so the flow cannot turn the required 60
• needed to have more than two sectors. For 1 < γ < 1.15, α max > 60
• , and so there will exist finite incoming Mach numbers for which the flow can turn 60
• , allowing for the existence flows with three sectors for some values of γ > 1.
Figure 5: For γ < 1.15, the maximum turning angle is greater than 60
• . Therefore there exist flows with three contact discontinuities, such as the one above. In this example each sector has one shock in the region where L > 0, causing the flow to turn away from the origin.
